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Abstract 

We generalize Regge theory to correlation functions in conformal field theories. 
This is done by exploring the analogy between Mellin amplitudes in AdS/CFT and 
S-matrix elements. In the process, we develop the conformal partial wave expansion in 
Mellin space, elucidating the analytic structure of the partial amplitudes. We apply the 
new formalism to the case of four point correlation functions between protected scalar 
operators in N = 4 Super Yang Mills, in cases where the Regge limit is controlled by 
the leading twist operators associated to the pomeron-graviton Regge trajectory. At 
weak coupling, we are able to predict to arbitrary high order in the 't Hooft coupling 
the behaviour near J = 1 of the OPE coefficients Cqoj between the external scalars 
and the spin J leading twist operators. At strong coupling, we use recent results for 
the anomalous dimension of the leading twist operators to improve current knowledge 
of the AdS graviton Regge trajectory - in particular, determining the next and next 
to next leading order corrections to the intercept. Finally, by taking the flat space 
limit and considering the Virasoro-Shapiro S-matrix element, we compute the strong 
coupling limit of the OPE coefficient Cccj between two Lagrangians and the leading 
twist operators of spin J. 
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1 Introduction 

Regge theory [lj [2] is a technique to study high energy scattering. It is particularly useful 
when an infinite number of resonances participate in a scattering process, like it happens 
in QCD or in string theory. In the 60s, Regge theory was very important in organizing 
the phenomenology of hadrons, which suggested a stringy description. String theory was 
later abandoned as a theory of hadrons in favour of gauge theory (more precisely, QCD). 
However, we now know that conformal gauge theories are equivalent to string theory in 
Anti-de Sitter (AdS) space [3] H}|3]. It is then natural to look for a generalization of Regge 
theory to scattering in AdS. We believe this is a good starting point to understand AdS/CFT 
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correlation functions in the stringy regime of finite string tension (or finite 't Hooft coupling), 
beyond the gravity approximation. 

The goal of this paper is to generalize Regge theory of scattering amplitudes to correlation 
functions of conformal field theory (CFT), building on the previous work |S1 El E]- The 
main tool that we shall use is the Mellin representation of conformal correlation functions 
introduced in [9J. As emphasized in [101 [UJ, [121 H31 US HSl |16], Mellin amplitudes are 
the natural analogue of scattering amplitudes for AdS/CFT. In particular, for a four-point 
function the Mellin amplitude depends on two variables s and t that are similar to the 
Mandelstam invariants of a scattering process in flat spacetime. Following this analogy, we 
confirm that Mellin amplitudes are the appropriate observable to generalize Regge theory 
to AdS/CFT. The main ingredients involved in our construction are summarized in table [Tj 
which also serves as a partial outline of the paper. 

We dedicate the next section to a review of Regge theory applied to string theory in flat 
spacetime. This will be very useful to set up the language and to guide us in the generalization 
for CFTs. In section [3j we review some key properties of Mellin amplitudes and introduce the 
conformal partial wave expansion necessary for performing the Regge theory re-summation of 
section |4j This gives the main result of this paper, which is summarized in the last two rows 
of table [T] The Mellin amplitude associated to a conformal four-point function has Regge 
behavior controlled by the Reggeon spin j(y) and residue /3(v). Moreover, the Reggeon spin 
j(y) is the inverse function of the dimension A(J) of the operators in the leading Regge 
trajectory, and the residue /3(v) is determined by the OPE coefficients Coo J of the same 
operators in the OPE OO of the external operators. 

In section [5j we apply the above results to the study of the Pomeron-graviton Regge 
trajectory in maximally supersymmetric Yang-Mills theory (SYM). One of the great values 
of Regge theory is that the relation between the Reggeon spin j{y) and dimension A (J) of 
the exchanged operators does not commute with perturbation theory |17j . We shall see that 
the same statement applies for the relation between Regge residue fi(v) and OPE coefficient 
Coo J- in particular, from the two-loop calculation of the four point function of dimension 
two chiral primaries O, we obtain the Regge residue at leading order in perturbation theory, 
and are able to compute the leading behaviour of the OPE coefficient Cqoj near J = 1 to 
any order in the 't Hooft coupling A = g Y M^- More concretely, we show that 



C OOJ~ N 2 _ ( J_^-l +0 ( ( J_l )fc -2) 



k=0 

and compute the coefficients a^. Actually, since the Regge residue is known at next to 
leading order, we are also able to compute the next to leading order behaviour around J = 1 
of Coo.)- The relation between Reggeon spin j(y) and dimension A (J) also has implications 
to the strong coupling expansion. In particular, recent results for the anomalous dimension 
of the leading twist operators imply the following expansion of the AdS graviton intercept 

J (0) = 2--| + l__L + .... (2) 



This result is strong evidence for the smooth interpolation of the Pomeron-graviton Regge 
trajectory between this strong coupling expansion and the BFKL weak coupling expansion. 
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Finally, we show how the flat space limit of the correlation function in the Regge limit, 
together with known type IIB S-matrix elements, gives predictions for the OPE coefficients 
Cqo j involving the operators dual to the short string states in the leading Regge trajectory. 
In section [6j we summarize our main findings and discuss some open avenues. 
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Table 1: Analogy between standard Regge theory for scattering amplitudes in flat spacetime 
and conformal Regge theory. The notation will be explained later, but the analogy should 
already be clear for readers familiarized with Regge theory (and AdS/CFT). 
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Figure 1: Chew-Frautschi plot of the spectrum of exchanged particles in the Virasoro- 
Shapiro amplitude. 

2 Regge theory review 

This section can be safely skipped by the knowledgeable reader. We include it mostly for 
pedagogical purposes and to emphasize the similarity between standard Regge theory in flat 
space and the conformal Regge theory we introduce in section |4} 

In type II superstring theory, the scattering amplitude of 4 dilatons is given by the 
Virasoro-Shapiro amplitude 



T(s ' t] ~ 8nGN \J + T + u) r(i + ^)r(i + ^)r(i + f) ' (3) 

where Gat is the 10-dimensional Newton constant, a' is the square of the string length and 
s = ~(Pi + P3) 2 , t = -(p! + p 2 ) 2 , u = -(pi + Pa) 2 , (4) 

are the Mandelstam invariants. As the dilaton is massless the Mandelstam invariants 
satisfy s + 1 + u = 0. This amplitude has an infinite number of poles that correspond to the 
exchange of an infinite number of particles, which can be organized in Regge trajectories as 
shown in figure [T] This follows from the partial wave expansion 

00 

T(8,t) = ^2aj{t)Pj{z), (5) 
j=o 



-"^For concreteness we write the formula for a four-dimensional conformal gauge theory. In other dimensions 
the 't Hooft coupling can be expressed in terms of the dimensionless ratio R 2 jo! ', where R is the AdS radius. 

2 We interchanged 2 4-> 3 relative to the standard definitions. As it will become clear later, the reason for 
this is to make the t-channel partial wave expansion the analogue of the conformal OPE expansion in the 
standard channel (12) (34). 
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where Pj(z) are partial waves for 10- dimensional spacetime and 



z = cosfl = l + 2- (6) 

t 

encodes the scattering angle 6. R In the present example only even spins contribute because 
the initial particles are identical scalars. To determine the spectrum of exchanged particles 
we use the fact that each exchanged particle of mass m and spin J gives rise to a pole of 
aj(t) at t = m 2 . The full scattering amplitude has poles at t = An/ a', for n = 0, 1, 2, . . . , as 
can be seen in figure [TJ Computing the residues of equations (|3| and ([5]), we obtain 

f>(z) Res t= ^aj(t) = Res f= ^T(M) = "^^f (y)^ + ' (8) 

j=o ^ '' 

where the RHS is a polynomial of degree 2n + 2 in z, whose leading term we wrote explicitly. 
In fact, this equation is satisfied with a finite sum over J because this is just an equality 
between polynomials of z. More precisely, it tells us that aj(t) has poles at t = An/ a 1 for 
n=i| — lj 2 ? 2" + lj • - - • The first pole in this series gives 

where 

m'(J) = s (J-2), r(J) = --^ m ^—^ . (10) 

This pole describes the leading Regge trajectory, i.e. the lightest exchanged particle for each 
spin J. The residue of the pole encodes the cubic couplings between the external particles 
and the exchanged particles in the leading Regge trajectory. 

The goal of Regge theory is to describe the high energy limit of scattering processes. We 
shall think of the amplitude ^ describing elastic scattering of the initial particles 1 and 3 
to the final particles 2 and 4, respectively. Thus, the Regge regime is defined by large s and 
fixed t given by Q. In this limit the amplitude ^ simplifies to[^] 



32itGn x «s!j r( — ^p) / a's\ 



T(s±ie,t) w JV e^— — \ Vr — • (11) 

1 ; a' r(i + f ) V 4 J 1 ' 



2+ 



2 



3 More precisely, the partial waves are just Gegenbauer polynomials (with d = 10 in our case), 

T\r(d-1\ (d-i\ 

which we normalized such that the highest degree term has unit coefficient, Pj(z) = z J + 0(z J ^ 1 ). 

4 This expression is valid for \s\ large in any direction of the complex plane, except along the real axis 
where the amplitude has an infinite series of poles in both directions. If we take s large and almost real, the 
amplitude has a different phase depending if we go slightly above or below the real axis. This is encoded in 
the ie prescription. 
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Figure 2: Integration contours in the J-plane involved in the Sommerfeld- Watson transform. 
Initially, the sum is written as an integral over the contour C encircling all positive integers. 
Then, the contour is deformed to the contour C plus the contribution of the Regge poles. 



In this example, it was trivial to obtain the Regge limit of the scattering amplitude because 
we knew the exact amplitude (|3]). However, the achievement of Regge theory is to derive the 
behaviour of the amplitude in the Regge limit without knowing the full result. To understand 
how this works, it is instructive to stick to this example and ask the question: what is the 
minimal amount of information that we need to fix the amplitude in the Regge limit? The 
answer is the spectrum of particles in the leading Regge trajectory and their cubic couplings 
to the external particles. Let us review how this works. 

The first step is to analytically continue the partial waves as a function of the spin J, 
and then transform the sum ^ into a contour integral in the J-plane, [j 

™ = J c £*«k*^ t)lPA ' ) + PA - z))t (12) 

where the contour C is shown in figure [2] The symmetry property Pj(—z) = (— l) J Pj(z) 
ensures that we are only summing over even spins. The final step is to continuously deform 
the integration contour C to the contour C also shown in figure |2j This is possible because 
of the large J behaviour of the partial wave 

please)* 1 * 4j > as) 

2 J+ 2 S 1I12 (0) 

and because the analytically continued partial amplitude aj(t) does not increase exponen- 
tially in any direction in the right half of the complex J-plane [2]. In the contour deformation 
process, one picks up contributions from poles of aj(t) with Re(J) > 0. These are Regge 
poles and are directly related to the physical poles of the scattering amplitude. In particular, 



5 Usually, this step requires more care because even and odd spin partial waves must be analytically 
continued separately [2J. In our case, there are only even spins and one analytic continuation is sufficient. 
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the pole with largest Re( J) follows from the leading Regge trajectory ^ and can be written 

as 

aj{t) ^mim, (14) 

J-j[t) 

where j(t) = 2 + a't/2. The contribution of this Regge pole for the scattering amplitude 
reads 

f[t) r(j(t)) 2sin(lj(t)) {Pm(z) + Pmi ~ Z)) ' (15) 
and therefore in the Regge limit of large s we obtain 

n,t)«- 32 ' 2G " ^y ( " ^±(z£g (16 ) 



This gives exactly the Regge limit ( J 1 1 [ ) of the Virasoro-Shapiro amplitude. This precise 
matching follows from the fact that the other Regge poles have smaller Re (J) and therefore 
are sub dominant in the Regge limit. 



3 Mellin amplitudes 

Mellin amplitudes were introduced by Mack in [9j. They are very convenient because they 
make manifest the analogy between scattering amplitudes and conformal correlation func- 
tions [TUl [TTl [T2l ri3l [HI [15j [16] . In this section, we will review the definition and discuss the 
main properties of Mellin amplitudes. In addition, we shall build the necessary tools for the 
conformal Regge theory developed in section |4j 

The Mellin amplitude M(5ij) associated to the connected part of the four-point function 
of scalar primary operators is defined by 



A( Xi ) = {0 1 (x 1 )...0 4 {x 4 )) c = 




where the integrals run parallel to the imaginary axis. Conformal invariance constraints the 
integration variables to satisfy 

4 

J>, = 0, (18) 
i=i 

where — 8 a = Aj is the dimension of the operator Oi. Imposing these four constraints 
leaves us with two independent integration variables. The analogy with flat space scattering 
amplitudes becomes more explicit if we introduce fictitious momenta Pi such that 

4 

J^Pi = 0, djj j>, ■ p, . (19) 

i=l 
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Notice that due to momentum conservation the constraints (18) are automatically satisfied. 
It is natural to introduce the analogue of the Mandelstam invariants 

t = -(pi +p 2 ) 2 = Ai + A 2 - 25 12 , s = -(pi +p 3 ) 2 - Ax - A 4 = A 3 - A 4 - 25 13 , (20) 

which we shall use as independent Mellin variables. The reduced correlator A is defined by 

/ rv,^ \ 2 / rp-i 

1 24 I / 14 



\ X 12) 2 { X U) 2 V 14/ V 13 



^)--7TSi57^s=lrf IwJ AM ' (21) 



such that it only depends on the conformal invariant cross ratios 

22 22 
u = ^ff , „ = ^fif . (22) 

X 13 X 24 x 13 x 24 

Then, the reduced correlator has the following Mellin representation 

r / A 34 -g \ / -A 12 -s \ + A T ft + s + A 12 - A 34 



where Ay = A, — Aj. The integration contours run parallel to the imaginary axis and should 
be placed such that the infinite series of poles produced by each T-function stays entirely to 
one side of the contour. The same requirement applies to the poles of the Mellin amplitude 



M(s,t) itself, which are described in equation (30) below 



3.1 Operator product expansion 

The structure of the OPE implies a very simple analytic structure for the Mellin amplitude 
if the CFT has a discrete spectrum of operator dimensions [9] . In appendix [Aj we explain 
how this works in detail. 

The OPE of two scalar primary operators only contains totally symmetric and traceless 
tensors. It reads 



O 1 (x)O 3 {0) = J2 ^,2/, 



, v x 2 )^ Al+A2 " A ) 



^1 • • • x»j O £i~.*7(o) + descendants 



(x 2 ) 2 



(24) 



where A and J are respectively the dimension and spin of the operator Ok, and all operators 
are normalized to have two-point function 

(o^M)o^.M) = j { E ^tLT" 7 ' ~ traces > (25) 

perm a \ I 



6 The shift in the definition of s is convenient to simplify the formulas for the Mack polynomials given 
below. In any case, this shift is irrelevant in the Regge limit of large s. 
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with 



V = ~ 2 ^ ■ (26) 
This implies the following conformal block expansion of the reduced correlator 

A(u, v) = C U kC 3 4k G Ak ,j k (u, v) , (27) 

k 

where, in the limit u — > 0, v — > 1 with (t> — 1)/a/u fixed, the conformal block G/\ t j(u,v) 
satisfies 

In this expression Cj -1 is the Gegenbauer polynomial and we shall use throughout this paper 

h= d -. (29) 

In order to reproduce the power law behavior of A at small cross ratio u predicted by 
the OPE, the Mellin amplitude must have poles in the variable t. More precisely, 

MM ~ C ™ C £^f-2m > - = 0,1,2,..., (30) 

where, as before, A and J are the dimension and spin of an operator Ok that appears 
in both OPEs O1O2 and O3O4. This shows that the m > poles correspond to conformal 
descendant operators with twist greater than A — J. The residues of the poles are kinematical 
polynomials Qj, m (s) of degree J in the Mellin variable s. It is convenient to write Qj, m (s) 
in terms of new polynomials Qj t m{s) defined by 

O, (s)= 2r(A + J)(A-l) J 

*J ^jp^ A+J+Aia ^ j^ A+J-Aia j p^ A+J+A 34 ^ p^ A+J-A 34 ^ ^ ' 

Qj,m{s) 



m\(A-h + l) m T( Al+Aa 2 - A+J - m) r( a 3+A4-a+j _ m ^ . 

where we used the Pochhammer symbol 

. . Via + m) . . „ . 

(o)m = F ( a ) =a(a + l)...(a + m-l). (32) 

In appendix [X] we study these kinematical polynomials in detail and show, in particular, 
that with the above normalization 

Qj, m (s) = s J + 0(s J - 1 ). (33) 

In order to obtain the conformal block Ga,j(u, v) we only kept the contribution from the 
series of poles (30) in the integral (23). However, the integrand in (23) has more poles in the 
variable t. These poles occur at t = A x + A 2 + 2m and t = A 3 + A 4 + 2m, which is the twist 
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of the composite operators Oid^ . . . d llJ d 2m C>2 and O^d^ . . . d^jd^O^, in the limit where 
the external operators Oi interact weakly. In this paper, we shall focus on the planar part of 
the four-point function of single-trace operators in large N gauge theories. In this case, the 
poles of the T-functions in the integrand of (23) automatically account for the contribution 
of double-trace operators in the OPE and the Mellin amplitude only has poles associated to 
single-trace contributions to the OPE. 



3.2 Conformal partial waves 



The first step to study Regge theory is to write down a partial wave expansion. For our 
purposes, the best starting point is the partial wave expansion described in [9], which is the 
Mellin space version of |19j . We write 



OO /»00 

M(s,t) = J2 / dubj{p 2 )M u ,j{s,t) 

7_n J —OO 



J=0 

with the partial waves M Uy j(s,t) = M_ Ut j(s,t) given by 

M ViJ {s,t) = u V)J (t) P VtJ {s,t) , 

where 

A 1 +A 2 +J+iu-h ^ A s +A 4 +J+iu-h ^ p ^ A 1 +A 2 +J-iv-h ^ p ^ A 3 +A 4 +J-w-fe ^ 



(34) 



(35) 



w„,j(*) 



p ^ h+iv—J—t ^ p ^ h—iv—J—t ^ 

r( Ai+ 2 A2 - f )r( A3+ 2 A ^ ) 



(36) 



and P Vt j(s,t) is a Mack polynomial of degree J in both variables s and t. We normalized 
these polynomials such that they obey P u j(s,t) = s J + 0(s J_1 ). The precise definition is 
given in appendix [Bj 

The conformal partial wave expansion (34) is closely related to the conformal block 
decomposition ( [27] ). N This is more easily seen if we transform (34) to position space, 



OO poo 

A{u,v) = ^2 dvbjiv 2 ) F ViJ {u,v) , 
j=o 



(37) 



where F u ^(u,v) is the transform (23) of a single partial wave M Vi j(s,t) 
3 dtds 



Fv,j(u,v) 



11X1 



M VtJ (s,t)u t / 2 v-^ 2 T 



A 1 +A 2 -t\ r ^A 3 + A 4 -t 



(38) 



A 34 - s 



r 



A12 - s\ „ ft + s\ „ ft + s + A12 - A 



r 



r 



^34 



7 These two terminologies are often used as synonymous in the literature. In this paper, we shall call 
conformal partial wave expansion to ( 34 ) and ( 37 1 , and conformal block decomposition to ( 27 1 . 
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In fact, F Uj j(u,v) is given by the sum of two conformal blocks with dimensions h + iv and 
h — iv. More precisely, one can write [j 

F v ,j{u, v) = k UiJ G h+iV;J (u, v) + K_ VyJ G h - iVtJ (u, v) , (39) 

where the normalization constant 

^ = (40) 

can be fixed by comparing the residues of M u j(s, t) at t = h ± iv — J + 2m with the general 
expression (30), and 

K r(A + j)r(A-fe + i)(A-i)j 

A, J 4 j_i r ^ A+J+A 12 ^ p^ A+J-A 12 -| p^ A+J+A 34 ^ p^ A+J-A 34 j ^1 

1 

p^ Ai+A 2 -A+J ^ p^ A 3 +A 4 -A+J ^ Ai+A 2 +A+J-d ^ p 7 A 3 +A 4 +A+J-Gi -j ' 



Notice that the two conformal blocks in (J39J) satisfy the same differential equation (128) 
because they have the same Casimir Ch+i U ,j — Ch-w,J- The second conformal block is 
usually called the shadow of the first (see for example [21J for details). Inserting (39) in (37), 
one can write 

A(u, v) = 2^2 dv h Av 2 ) G h+iViJ (u, v) , (42) 
j=o 

which can be easily converted into the usual conformal block decomposition (27) by deforming 
the //-contour into the lower-half plane and picking the contribution from all poles of the 
integrand with negative imaginary part of v. Notice that the contribution from infinity 
vanishes because the conformal block Gh+iv,j{u,v) decays exponentially for Im(v) — > — oo. 
Thus, in order to reproduce the contribution of a single-trace operator Ok of dimension A 
and spin J that appears in both OPEs O1O2 and the partial amplitude bj(v 2 ) must 

have poles of the form 

bj(v 2 ) « C 12k C uk - ■ K y — . (43) 



v 



(A - h) 2 ' 



We rederive this result in appendix A. 5 where we discuss the analytic structure of the partial 
amplitude bj{v 2 ) more systematically. 



4 Conformal Regge theory 

We are ready to generalize Regge theory to Mellin amplitudes. To avoid cluttering of the 
formulae we shall restrict to the case A 12 = A 34 = 0. It is convenient to change from the 

8 A similar equation can be found in [20J where the function F U: j(u, v) was defined by the integral of the 
product of the 3-point function of the operators 0\, O2 and an operator of spin J and dimension h + iv. 
times the 3-point function of the operators O3 , O4 and an operator of spin J and dimension h — iv. 
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variable s to the variable z — 1 + ^f. We define 



'P,,,(:.n =Pu,.;[%r^,t). ill) 



Then, for integer spin J, we have the symmetry 

V v ,j(-z,t) = (45) 



The starting point for Regge theory is the conformal partial wave expansion (34). The 
construction is now analogous to that reviewed in section [2] Firstly, we analytically continue 
the partial amplitudes bjiv 2 ) to complex values of J. Even and odd spins give rise to different 
analytic continuations bj(i> 2 ) and 6j(z/ 2 ), respectively Secondly, we perform a Sommerfeld- 
Watson transform in (34), 

M(s,t) = M + (s,t) + M~(s,t) , (46) 

with 

/OO p J T 

dv / ^^^-r.b^u^it) {PuA-*,t)±V v A*,t)) • (47) 
.oo J c Ztti 2sm{TTj) 

The next step in Regge theory is to deform the J-contour and pick up the pole with maximal 
real part of J, i.e. the leading Regge pole. Before doing this we need to consider the poles 
(159) of the partial amplitude bj(v 2 ). We will be mostly interested in the poles associated 
to the leading Regge trajectory A (J) for J = 2, 4, 6, ... . These are the operators of lowest 
dimension for each even spin. This means that 

^'" ^(SUr (48) 

where the residue 

r(J) = C 12 jC M jK A{ j U , (49) 

is determined by the OPE coefficients of the operators in the leading Regge trajectory that 
appear in the OPEs of the external operators (see equation (43)). After analytic continuation 
in J this pole becomes a pole in J, more precisely 

2p{J-j(u)) 

where j(y) is essentially the inverse function of A (J) defined by 

u 2 +(A(j(u))-h) 2 = 0. (51) 
The contribution of this Regge pole is then 



oo 



7T 7 \1S) V\ l(lS)) 

dV 2sin(7rj») 2u l) + ^ ' (52) 
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In the Regge limit (s — > oo) this pole dominates and we obtain the result 

M(s,t) « / duP(v)u vJ(v) (t) , \. . , (53) 
y sm(7rj(z/)) 

where 

7T 7T 

= 4-f(v)r(j(v)) = -^j'iy) K h±iv,j(u) C 12j (u)C 3 ij(u) • (54) 



Equation (53) is our main result. It encodes the contribution of a Regge trajectory to the 
Mellin amplitude, which is fixed by conformal symmetry up to the dynamical observables 
j(u) and /3(u). The Reggeon spin j{y) is determined by the dimensions A( J) of the physical 



operators in the leading Regge trajectory through (51). The residue f3(u) is controlled by 
the OPE coefficients of the leading twist operators in the OPE of the external operators. 
This result should be valid in any CFT that has a large N expansion. At leading order in 
1/N the CFT is described by the dual AdS theory at tree-level, which implies the absence 
of poles in the complex J-plane from multi-particle states. This justifies our assumption of 
single Regge pole dominance. 

The definition of the Regge limit of the Mellin amplitude (large s and fixed t) corresponds 
to the Regge limit defined in position space in [TJ [8]. This is shown in detail in appendix 



|C| For the sake of clarity, here we just state how to relate the result (53) to the Regge limit 
of the correlator in position space, leaving the details to the appendix. First one needs to 
consider a specific Lorentzian kinematical limit where all the points are taken to null infinity. 
In such limit, it is convenient to introduce the variables a and p that are related to the cross 



ratios u and v defined in ( 22 ) by 

u = a 2 , v = (l-ae p )(l-ae- p )^l-2acoshp. (55) 

The Regge limit corresponds to a — > with fixed p. The position space version of equation 
(g is then Q 



A(a, p) w 2ixi J dv a{y) a^^QM , (56) 
where f2j„(p) is a harmonic function in on (2h — l)-dimensional hyperbolic space. In appendix 



Cl we show that the residues «(z/) in (p6J) and f3{v) in (53) are related by 



tt^- 1 9J M ~ 1 P* 71 ".? H / 2 

«W = ^~7T\ 7M7(-*) , (57) 



sin | , 



where 



7 (i/) = r ^i + jM + j"-^ r ( 2As + j(u) + iu-h ^ (5g) 

The form (56) was first derived in [7] applying Regge theory to the conformal partial wave 



expansion. Here, we have improved the result because we related the functions ol(v) and 



(3(v) to the product of OPE coefficients (see equation (54)). 



9 We remark that the definition of a{v) in this paper differs from that in jTJIH] by a factor of 4 1 ^ v )e m ^ v ' . 
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The knowledgeable reader might wonder why our approach here was more successful 
than the approach of [TJ. Indeed, Cornalba studied a conformal partial wave expansion very 
similar to (34). The crucial difference is that we performed the Regge theory re-summation 
in Mellin space instead of position space. This gives different results for the Regge residue 
because a single pole in Mellin space automatically includes an infinite sequence of double- 
trace contributions. One can loosely say that the correct Regge re-summation is in terms 
of Witten diagrams of the leading Regge trajectory, and not in terms of conformal blocks 
as attempted in (7J. Nevertheless, this only affects the expression of the residue and not the 
position of the Regge pole which was correctly predicted in [7J. 



5 Pomeron-graviton Regge trajectory in SYM 



The result (53) relates, through equation (|54[), the four-point function of a CFT in the Regge 



limit to the analytic continuation of the OPE coefficients of the operators in the leading Regge 



trajectory in the OPEs O1O2 and of the external operators. In particular, (54) will 

allow us to make non-trivial predictions about these OPE coefficients. In this section we 
shall consider in detail the case of M = 4 SYM in the planar limit and its string dual, so we 
set d = 2h = 4. 

We will consider the case of correlation functions that exchange the quantum numbers of 
the vacuum, so that they are dominated in the Regge limit by the exchange of the pomeron 
Regge trajectory. Furthermore, as external operators we shall consider BPS scalars operators, 
such that their dimensions are protected. At weak coupling, the operators in the pomeron- 
graviton Regge trajectory are a linear combination of the following twist two operators 

tT(F liU1 D va ...D VJ _ l F v f), tv(4> AB D vl ...D VJ 4> AB ), ti^j A D Vl ...D Uj _ x Y^ A ). (59) 

At finite 't Hooft coupling the degeneracy is lifted and there are three different Regge trajec- 



tories. 10 We will consider the operators in the leading Regge trajectory. In appendix [eJ we 
give the precise linear combination of the above operators that yields the spin J and twist 
two operators of lowest dimension, to first order in perturbation theory. At strong coupling 
these operators are dual to massive string states, on the leading Regge trajectory of type 
IIB strings in AdS. 

Below we shall divide the discussion in two parts, to address both weak and strong 
coupling expansions. We start by reviewing the consequences of conformal Regge theory to 
the spin- anomalous dimension function of twist two operators, as first considered in [17J, and 
also derive some new results. We then consider the OPE coefficients. 

These three trajectories are related by supersymmetry |22| . In fact, their anomalous dimensions are 
simply related by t"(J) = t"(J + 2) = 7(J + 4). 
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5.1 Weak coupling 

The anomalous dimension of the operators in the leading Regge trajectory is a function of 
the spin and of the 't Hooft coupling. It admits the following weak coupling expansion 

oo 

7(.7) = A( J) -J-2 = J2 9 2n ln(J) ■ (60) 



n=l 



We use notation with coupling g related to the 't Hooft coupling A = M iV by 

g2 = ^- ^ 

The anomalous dimensions 7 n are known up to five loops [22] [23] EH [25] and obey the 
principle of maximal transcendentality [22J. The first two terms in this expansion are 

71 = 8Si(x) , 

72 = -32(S 3 (a;) + S- 3 (x)) + US^{x) - 64 (S 1 (x)S 2 (x) + S 1 (x)S. 2 (x)) , (62) 

where x = J — 2 and the functions S are (nested) harmonic sums, which are recursively 
defined by 

S ai ,a 2 ,...,an( x ) = Sa,2,...,a n {y) j (63) 

y =i y 

starting from the trivial seed without indices, S(y) = 1. Some properties of these functions 
are given in appendix D This weak coupling expansion of the function A (J) is an expansion 
around the free theory line A (J) = J + 2 (see figure [3 



The function A (J) defines the Reggeon spin j{y). By inverting (51) we have 

A(j(v)) = 2±iu. (64) 

However, the Reggeon spin can also be computed directly from the Regge limit of the four 
point correlation function [8]. At weak coupling, BFKL methods |26| |27| 128] give an expan- 
sion around the free theory value j = 1 , also shown in figure |3j associated to the exchange of 
two free gluons in a colour singlet. The function j{y) is known up to next to leading order. 
Let us first transcribe the result presented in [22]"] 

j{v) = 1+4/ (x{v) + g 2 5(v)) + 0(g 6 ) , (65) 



with 



, 1 + f\ — iv\ 

xiy) = 2*(i - * - m , (66) 



8{v) = A X "{p) + 6C(3) - 2C(2)xM - 2$ ( ^) - 2$ ) , (67) 



11 Our definition of v differs from that used in [22] by a factor of 2. 
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-2 







6 



A 



Figure 3: Leading Regge trajectory in the dimension-spin plane for various values of the 't 
Hooft coupling. The physical operators have even spin J and positive dimension, and are 
represented by blue dots along the curves. The horizontal dashed line J = 2 corresponds to 
the strong coupling limit g — > oo. The weak coupling limit g — > 0, is described by the other 
dashed line, with 3 branches: J = 1, A — 2 = J and 2 — A = J. The intercept j(0) moves 
from 1 to 2, as the coupling g goes from to oo. 



where = T'(x)/T(x) is the Euler \l/-function and the function $[^]is defined by 

1 ~ #'(*±2) -tt'(*±l) 



E 

fc=0 



k + x 



(68) 



We remark that the variable v in the spin j(z^), which appears in the BFKL amplitude as 
an integration variable, is exactly the same as the one in our treatment of conformal Regge 
theory [S]. After some manipulation, can be written in a form which makes maximal 
transcendentality manifest, P] 



]["> 



;2n 



n=l 



%V 



F n 



-%V — 1 



(69) 



where 



-451 (x) 



(70) 



Ft(x) 

F 2 (x) = 4 (-1 C(3) + vr 2 ln(2) + ^ S'i(x) + 2S , 3 (x) + tt 2 ^!^) - 4S- 2)1 (x)\ . 

12 In the BFKL literature there are two different functions that are usually denoted by $. The one defined 
above is used in [55] . We denote the other function, used in [T7], by i> and explain the connection between 
the two in Appendix lD| 

13 We thank Pedro Vieira for collaboration in this point. 
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It is important to realize that, although the functions A (J) and j(y) are basically the 
inverse of each other, their perturbative expansions, either at weak or at strong coupling, 
contain different information [T7]. In other words, the process of inverting the functions does 
not commute with perturbation theory. Let us consider first the limit j — > 1 and g 2 — > 0, 



with (j — l)/g fixed, of the BFKL spin (69). In this limit, only the leading order term in 



the expansion (69) survives, and we have 



Now, the function in the RHS of this equation has simple poles at iv = ±1. If we expand 
this equation around one of this points, say around iv — 1, the fixed quantity in the LHS of 
this equation will be very large. This expansion has the following form 

where the coefficients can be read from formulae presented in appendix [Dj We can now invert 
this equation, solving for iv — 1 — A(j) — 3, to obtain the behaviour of A (J) around J — 1, 
as a power expansion in the small quantity g 2 /(J — 1). The result for the first order terms 
in this expansion is [T7] 

^)--K^) + 0(^) 2 + 0(^) 3 -<,3)(^)' + .... m 

The remarkable thing about this expression is that, after inversion of the leading order BFKL 
spin, one has a prediction for the leading singularities of the anomalous dimension function 



(60) around J = 1 at all orders in perturbation theory. This fact was explored in [T7] and 
served as a guide for the computation of anomalous dimensions using integrability, most 
notably to check wrapping corrections that appear at four loops [29j . In the next section we 
shall follow a similar procedure to study the behaviour of OPE coefficients. 

Let us close these introductory remarks by explaining how higher order terms in the BFKL 
expansion can be taken into account in the above argument. In this case one considers the 
expansion (69) with (j — l)/g 2 fixed, keeping all terms in the g 2 expansion, instead of only 



the leading term as we did in (|72j). Then one expands around iv = 1 and inverts. The result 
is a prediction for the expansion of the anomalous dimension around J = 1 at all orders in 
perturbation theory. In particular, the next to leading BFKL spin allows one to predict the 
next to leading singularity around J = 1 at all orders in perturbation theory [T7] 

A-3 = (0+(J-l)) + (2 + 0(J-l)) (^-) + (0 + 0(J-l)) (;=^) (74) 

- fo + aw - D) - + ^ (J- + • • • • 



J-1J V w 4 V J \J 
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Finally let us also note that we can twist around these arguments, and use the knowledge 



of the anomalous dimension function (60) to some fixed order in perturbation theory, to 



study the behaviour of the BFKL spin around iv = 1. Considering the first two orders in 



perturbation theory for the anomalous dimension given in (62), one obtains the prediction 

M - 1 = (i + «*, - 1)) (J^) + + o (*, < 75 > 

2 \ / 8g 2 \ 3 / 5 \ / 8g 2 x 4 



1 (iv-l) 2+ iu-l)\iv-l) + \(iu-l) s + (iv-lfJKiu-l* + 
This result agrees with the known leading order and next to leading order BFKL spin. 

5.1.1 OPE coefficients - leading order prediction 

The idea is to use the knowledge of the Regge residue /3(u) to derive non-trivial predictions 
for OPE coefficients. We remind the reader that we are considering OPE coefficients with 



operators normalized as in (25). The product of these normalized OPE coefficients is also 



defined by the ratio of correlators 

{) ~ UJ 33J ~ (0 1 (x 1 )Ot{x 2 )) (Oj{x B )Oj{x e )) (O s (x a )Ot{x A )) - 1 ) 

The precise relation between the OPE coefficients and the ratio of correlators involves many 
kinematical factors that we give in appendix [Ej We omit these details to avoid dealing with 
all the indices in the main text. From direct computation of the the four point correlator in 
the Regge limit we can extract the Regge residue that appears in the correlation function 



(53). Then, using (54), this is related to the analytic continuation of the product of OPE 
coefficients C 2 (j(z/)). 

We start with the weak coupling side of the story. We can compute in free theory the OPE 
coefficient C(J) of the spin J operator of the leading Regge trajectory in the OPE of two 
protected scalar operators of the form 0\ = tr(0 12 </> 12 ), where 0X2 i s a complex scalar field of 
SYM. This requires lifting the degeneracy of the twist two operators and some combinatorics 
in doing Wick contractions. The computation is presented in appendix |E| and the result is 

c 2 (j) - 1 2 1+J J(J-i)r 2 (J + i) , 

C(J) -iV2 (4J»-1)T(2J+1) + [9h { } 

In particular, we can continue this result to the region around J = 1, with an expansion of 
the form 

CV) = J ^r(l + °( J - !)) + °(9 2 ) ■ (78) 

Now let us look at the Regge residue r(j(u)) computed in perturbation theory from the 
four point correlation function. In |8] the Regge residue in position space oc(v) was shown 
to be 

16ttV tanh(^) fiN 

aM=t J va JCf) +0(s) - (79) 
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Using (54) and (57) this translates into a residue r(j(v)) given by 

2 8 7rg 2 tanh(f) 



N 2 x'(^)(l + ^ 2 ) 2 



+ 0(g 4 



?0) 



where we used the leading term in the BFKL spin as written in ( 65 ) . It is clear that ( 80 ) 
computes the behaviour of the function r(J) around ,1—1, which starts with a power of 
J — I g 2 . The same thing happens to the square of the OPE coefficients (78) computed 
directly in free theory. This is not a coincidence because both r(J) and C 2 (J) are related 

j(u), we can use (49) in the form 

(81) 



by (|49l. Thus, for J 



r{5iy)) = C\](v)) K Hj{v))>jiy) 

to compute the OPE coefficients from the Regge residue in the region J — 1 ~ g 2 , i.e. in the 
double limit g 2 — > and J — y 1 with g 2 / (J— 1) fixed. In particular, we will recover the above 
free field theory result and also make predictions to arbitrary high order in perturbation 
theory. The analysis is entirely analogous to that of the anomalous dimension reviewed 
above. 

From (78) we conclude that the continuation of the OPE coefficients C(J) to the region 
where J — 1 ~ g 2 admits the following general perturbative expansion 

,2 



C\J) = {J-l), 



9 



J -I 



+ 0(g 4 



(82) 



for some function a that will be determined bellow. More precisely, for J = j(u) given by 



(69), we have the Regge theory prediction 

1 \ r(j(u)) 



C 2 {j(u))=Ag 2 X (u)a 
and therefore 



4x(^) 



4*(f) 



tanh(f ) 



K 



A(iW),iH 



2 6 7T 



n 2 x'W(i + ^) 2 ^Aa W )jw 

tanh(f ) 



33) 



— • (84) 
1, so that the function a(x) 



N 2 xW(v)(l + " 2 ) 2 K: 
We want a prediction for the OPE coefficients around J 
can be expanded as 

a(x) = ttt (clq ~t~ aix + a 2 x 2 + . . .) , (85) 

with small x = g 2 / (J — 1), therefore giving a prediction to all loops for the OPE coefficients. 
Thus, just like in (72) for the anomalous dimension, we need to consider equality (84) for 
iv = ±1. Notice that the function x{ v ) nas poles at v = ±i(l + 2n), with n = 0, 1, 2, . . . , 
so indeed we are expanding the function a(x) around the origin. Moreover, we started 
the expansion (85) with a constant term because the RHS of (84) is regular at the origin. 
Doing the computation we obtained the following prediction for the first order terms in this 
expansion 



32 



a 



a 2 = - (61 - 3tt 2 ) 



256 



«3 



(223 - 12tt 2 + 27C(3)) 



(86) 



2 64 

3 ' ai ~ ~9~ ' 27 v ~~ "" ' 1 81 
The first term matches the free theory result, the other terms give a prediction for the 
behaviour of the OPE coefficients to any order in perturbation theory. 
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5.1.2 OPE coefficients - next to leading order prediction 



The next to leading order correction to the function a(u) was computed in 
result 



with the 



alv) 



167rVtanh(^) / 
iVVcosh 2 f ) V 



7T 



1 + Z/ 2 



2^' 



1 — iv 



2^' 



1 + iv 



(87) 

In order to reproduce this result using Regge theory, we consider the continuation of the 
OPE coefficients to the region close to J = 1, keeping g 2 / (J — 1) fixed, in the form 



C 2 {J) = {J-l) 



J 



92 92 



J 



+ 0(g e ). 



(88) 



The first terms in the expansion of the function a(x) were obtained in the previous section. 
Following the same procedure of matching expansions around v = ±z, we can obtain the 



predictions for the function b(x) = X^Lo^fc^ ■ I n particular, from the result (87) for a(v) 
one obtains for the first term in the expansion of b(x) the coefficient 



&„ = -(-14 + 31n(2)). 



(89) 



The prediction can be tested against the expansion of (77) computed in free theory around 
J = 1. The results do not match, since (77) gives 
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(-8 + 31n(2)) . 



(90) 



The two values differ by the rational number 4/3, though the log's do agree. Given that the 
free theory result is by far more trivial to derive, we speculate that perhaps some term in a(^), 



given by (87), is not correct. In fact, all the terms in (87) have definite transcendentality, 
with the exception of the term —8/(1 + v 2 ). We find that if this term, which violates 
maximal transcendentality, is not present then there is agreement. To see this we study the 
dependence of bo on the next leading order correction to a{v). First we write, 



a [v] 



167rVtanh(^) . 



iV 2 z/cosh 2 (f ) 



k\y - 1 




(91) 



Matching with the expansion of C 2 (j(z/)) around v = ±2, we find that the coefficient d_ 



needs to have the value 8, in exact agreement with (87). However, in order to match the free 
theory result for the coefficient bo, we must have a vanishing coefficient d-i. This suggests 
that the term —8/(1 + v 2 ) should indeed be absent from (87). Assuming this is the case, the 



conformal Regge theory prediction for the first next to leading order coefficients b^ is 
b = I ( - 8 + 3 ln(2)) , b x = ^ ( - 244 + 9tt 2 + 48 ln(2)) , 



16 
27 



( - 892 + 122 ln(2) - 2tt 2 ( - 20 + 3 ln(2)) + 225C(3)) 



(92) 
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5.2 Strong coupling 

Let us turn to the strong coupling expansion, starting again with the relation between spin 
and anomalous dimension of the operators in the leading Regge trajectory. 

The anomalous dimensions of the leading twist operators can be computed at strong 
coupling from the energy of short strings in AdS, and admit an expansion of the type 

oo 

A( J) (A (J) - 4) = x Q^Hnix) , (93) 

71=0 

where we conveniently defined x = J — 2. The overall factor of x guarantees that the energy 
momentum tensor has protected dimension. The latest results for this expansion include the 
one and the two loop corrections |3T1 [32] . It is simpler to present these results in terms of 
the quantity A(A — 4), instead of A, because this is the combination that appears in the 
Casimir of the conformal group and makes the symmetry A — > 4 — A (or v — Y — v) explicit. 
The results of [3TI 132] then give (recall that \f\ = Airg) 



A(J)(A(J)-4) 



x 



2VX + (-1 + - | ( - 10 + (8C(3) - l)x + x 2 ) i= + • • • 



(94) 

This structure suggests that H n (x) is a polynomial of degree n. 

On the other hand, at strong coupling the Reggeon spin was computed using the dual 
string description [61 [7J 

ra=l \ n=2 / 

where j n {v 2 ), defined for n > 2, is a polynomial of degree n — 2. The n = 1 term in this 
expansion was computed in |6] and gives the linear Regge trajectory of strings in the flat 
space limit. The general form that constrains the degree of the polynomial j n {v 2 ) was derived 
in [7] by requiring that such limit is well defined. We will actually see that this polynomial 
can be further restricted. 

Next we consider the limit J — Y 2 and A — > oo , with (J — 2)vA fixed, of the expression 



for the anomalous dimension (94). Noting that — A(A — 4) = 4 + z/ 2 , we can equate both 
expansion (94) and (95) to obtain new data for the polynomials j n (u 2 ), with n > 2, that 



characterise the AdS graviton Regge trajectory. Writing 

n-2 

] n (v 2 ) = Y,Cn, k v 2k , (96) 

we can fix the coefficients c ni „_2 and c rai „_3. More precisely, we obtained that 

1 1 3 3 21 

c 2 ,o = ^ » c 3,o = -g , c 3i i = - , c 4 ,i = ~^( 8 C(3) - 7) , c 4 ,2 = — , (97) 

14 Some of the results presented in this section were obtained after many discussions with Diego Bombardelli 
and Pedro Vieira, who also participated in some of these computations. 
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Figure 4: Weak (in blue) and strong (in red) coupling expansions of the BFKL intercept 
j(0). The plot suggests a smooth interpolation, like the black dashed curve, from 1 at g = 
to 2 at g = oo. 



and the remaining coefficients of this type vanish (c n>n -2 = for n > 4, c n) „_3 = for 
n > 6). In particular, we derived the next and the next to next leading order correction to 
the intercept 

j(0) = 2 -7x + x-4^ + -- < 98 > 

From figure [4] we conclude that this strong coupling expansion works well for g > 0.2. Such 
a strong coupling expansion has been recently used to construct phenomenological models 
of high energy processes in QCD that are dominated by Pomeron exchange, following the 
proposal of [6j. These models start from the conformal limit here studied, and then introduce 
a hard wall in AdS to cut off the IR scale. Data analysis of deep inelastic scattering (DIS) 
[33| IMl 135] and deeply virtual Compton scattering (DVCS) |36] gives an intercept in the 
region j(0) = 1.2 — 1.3. At a first glance it may seem surprising how the fits of data in a 
region reasonably close to j(0) = 1 are so successful, even better than those fits that use the 
weak coupling expansion (see [37] for the latest analysis on DIS). However, in SYM, figure 
[4] shows that indeed the strong coupling expansion seems to already work quite well around 
the region of j(0) = 1.2 — 1.3. 

Finally, we remark that the coefficients c n ^ can be further restricted if we assume that 
Hi(x) is a polynomial of degree I. This assumption leads to the conclusion that for n > 4 
the coefficients satisfy 

< k < n - 2 . (99) 



for 



n 



22 



5.2.1 OPE coefficients 



Let us start with the simple case of graviton exchange in AdS between external scalar fields 
dual to operators of protected dimension Ai and A 3 . In this strict A — > oo limit the spin 
= 2 and the scattering is elastic. The Regge amplitude in position space (56) has real 
residue and is given by 
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a(v) 



ati i r(A 1 + f)r(A 1 -f)r(A 3 + f)r(A 3 -f) 



N 2 A + v 2 



r(A 1 )r(A 1 -i)r(A 3 )r(A 3 -i) 



(100) 



Using (57) and (54) we can relate the function a(is) to the residue r(j(v)), and therefore to 
the product of OPE coefficients. In the particular case of graviton exchange, we can use the 
first term in the expansion (95), = 2 — (4 + z/ 2 )/(2a/X) + 0(A _1 ), to obtain the A — > oo 
result 



/ x 167T 2 _ — . f . iv 

«H = - r ( 2 )4T^ r ( Al+ 2 



r a,- 



r a. 



IV 

~2 



r a. 



iv 
~2 



(101) 



Equating the previous two equations, we can determine r(2) and therefore, using (49), the 
product of OPE coefficients 

y2 . s 2A,A 3 



C\2) 



A5N 2 



(102) 



This is actually independent of A because the three point function with the stress-energy 
tensor is determined by a Ward identity 



C 2 (2) 



16AiA 3 
9C T 



(103) 



for A 2 = Ai and A 3 = A 4 . Note that the central charge Ct appears in the denominator 



because, as explained in (76), we are considering normalized operators. The central charge 



is known from gravity in AdS [40, 41 J 



G 



T 
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ttR 3 



G 



(5) 
N 



(104) 



Using G^R 3 = ir/(2N 2 ), we obtain C T = AON 2 , and reproduce exactly the result (102). 



The above was just a warm up exercise to make sure numerical factors are in place. 
We can actually compute the leading term in the strong coupling expansion of the function 
C 2 (J) for arbitrary J, therefore computing the OPE coefficients between the leading twist 
operators in the pomeron-graviton Regge trajectory and two external scalar operators. This 



15 In [7J H] we computed a(v) for external states of dimension Aj = 2. From the results in those papers it 
is simple to see that, for arbitrary dimension of the external fields, graviton exchange in AdS gives 



a{v) 



AN 2 



1 



V 3 (u). 



T At 



f)r(A fc -f) 



r(A fc )r(A* 
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can be done by considering the flat space limit of the CFT amplitude in the Regge limit, and 
then equating it to the flat space string theory S-matrix element with external scalar fields, 
also in the Regge limit, to read the function C 2 (J). As a specific example we shall consider 
the Virasoro-Shapiro amplitude reviewed in section [2] with external dilaton fields, which are 
dual to the Lagrangian operator of protected dimension A, = 4. 

The string theory S-matrix for four external scalars in the Regge limit can be recovered 
from the flat space limit introduced in |TU] 
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i r 

T(S,T) = — r lim V(S 5 )R \ 



da 



a 



M 



R 2 S R 2 T 



2a 2a 



(105) 



with the Mellin amplitude given by the Regge theory form (53) and the volume of the 5- 
sphere V(S 5 ) = tc 3 R 5 . The computation now is entirely similar to the one of appendix 
A.2.1| for the flat space limit of a single conformal partial wave, so we will not be so detailed 
here (see equation (137)). The integration over a produces a delta function in v 2 with a 
characteristic width L, so in this case we have 



T(S, f) 



— r lim V(S 5 ) R 



dvP(v) 



R 2 S 



R 2 T 



sin 



(106) 



(-R 2 T) 5 L (u 2 + R 2 T) . 



The function 5l should be understood as a delta function when integrated against func- 
tions that vary in a scale bv 2 ^> L. On the other hand, for functions with characteristic scale 
bv 2 <^ L one should take the average. For the above integral this gives 



T(S, T) 



nR 6 



T 



R 2 S\ J{T) 



e 2 



J(T) 



sin 



2 



(107) 



where for R — > oo the graviton Regge trajectory becomes the usual linear trajectory 

a' 

J(T) = 2 + — T . (108) 



As explained in section A. 2.1 , the integration of the function f3(u) against the delta function 



8l in (106) produces the average (/3)t- We shall see bellow that this is important because 



fi(y) contains a rapidly varying function of v. Note that in this case we can take the strong 



coupling limit of f3(v) given in (54), so that 



PV) = - 



7r a 
4 R 2 



(109) 



16 From now on, we shall denote the usual flat space Mandelstam invariants with capital letters S and T, 
to distinguish them from the Mellin variables s and t. 
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Before we analyse in more detail the implications of ( 107), let us check that in the simplest 
case of T = (i.e. J = 2) we can derive again (102). We consider the case of scattering 
of four dilaton fields (dual to the Lagragian operator of dimension A, = 4), so that in this 
case K^2),2 — 5/256 is constant. Thus there is no issue with averaging. It is then a simple 

0, to the S-matrix for graviton exchange between four 

dilatons, T(S, T) 



exercise to equate (107) near T 

-8nG N S 2 /T, checking again fll02~t 



The S-matrix element (107) can be equated to a type IIB string theory S-matrix element 
in the Regge limit. Let us consider again the case of external fields given by the dilaton. Then 



we can equate (106) to the Virasoro Shapiro S-matrix element ([3]). Although the S-matrix 
element (107) was derived in the physical scattering region of T < 0, we can analytically 



continue this expression to positive T. In particular this means that we can consider J a 
positive even integer, and compute C 2 (J) at strong coupling. In this kinematical region the 
dimension of the exchanged leading twist operators is real. Since we work in the strong limit 
we have 

A (J) w iv « X 1/4 y/2(J - 2) . (110) 
To compute the function C 2 (J) we need to be careful with the average (J3)t of (3(i>) in 



(109). Let us first look at the expansion of the function K^j\j at large A and for external 
operators of dimension four, 



K 



A(J),J 



2 9+2J+2A ( J )(A(J)) 



-10-2J 



sin 



7T" 



ttA(J) 



Thus, when integrating f3(u) given by (109) against the function 5l, this sin piece is rapidly 



varying and averages to 1/2. In addition, we shall assume that the remaining dependence 
on /3(u) in v is power law, so its integration with the function 5l works like with a delta 
function. Thus, after some straightforward algebra, we can write the flat space limit of this 
CFT amplitude in the following form 



M 27TO' 

R 4 



[112) 



a 



c'T 

4 



r i 



a'T 



a'T 



a'S\ 



J(T) 



where, for the external operators under consideration, M = 1 / (11527T 2 ) . Finally equating 



to the Virasoro-Shapiro amplitude in the Regge limit (11), we obtain the following strong 



coupling prediction for the OPE coefficient involving two Lagrangians and a spin J operator 
in the leading Regge trajectory, 



a 



T\2 



CCJ 



3N 2 1 + J r(|) 



;ii3) 



The exponential dependence on the coupling comes precisely from the dimension of the spin 
J operator. This is expected since the AdS computation of the three point function should 
be dominated by the saddle point of the dual heavy short string. It would be very interesting 
to derive this result using the methods of [42[ H3j |4"I] . 
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6 Conclusion 



The first lesson of this work is that the analogy between Mellin amplitudes and scattering 
amplitudes can be very fruitful to guide the exploration of AdS/CFT at finite or strong 
coupling. In this paper, we studied the regime of high energy scattering and successfully 
developed conformal Regge theory following the analogy summarized in table [Tj Then, in 
section [5j we applied the formalism to SYM and obtained non-trivial predictions for the 
dimension A(J) of the spin J leading twist operator and its OPE coefficient C(J) in the 
OPE of two protected scalar operators, both at weak and strong coupling. 

We conclude by discussing some questions for the future. In the context of SYM, there 
are two obvious directions to pursue. Firstly, we can study other Regge trajectories with 
different quantum numbers. In particular, it would be interesting to study the Regge limit 
of the four-point function 

(Tt(XZ)(x 1 )Tt(XZ)(x 2 )Tt(YZ)(x 3 )Tt(YZ)(x 4 )), (114) 

where X, Y and Z are complex scalar fields of SYM. This would give information about the 
(simpler) three-point functions 

(Tr (YZ) (xi) Tr (YZ) (x 2 ) Tr (ZD J Z) (x 3 )> , (115) 

that describe the coupling of the external operators to the leading Regge trajectory in this 
charged sector. These were recently computed to three-loop order in |45j, and were also 
studied in |46j . Secondly, we can apply the conformal Regge theory formalism to higher orders 
in perturbation theory, exploring the abundance of available data for four-point functions 
in SYM |47l l4"8j . Notice that from the four-point function at order g 21 , it is possible to 
extract the pomeron spin at order g 2l ~ A . This means that from the six loops (Z = 6) integral 
representation of the four-point function given in jl8], one can, in principle, obtain the BFKL 
pomeron spin at order g 8 or next to next to next to leading order] 

More generally, one can pose the question: Are all planar n-point functions of SYM 
determined by the planar two and three point functions of single-trace operators? It is clear 
that single-trace data is not sufficient information from the OPE point of view. However, it 
is sufficient information to fix all poles and residues of the Mellin amplitudes. Therefore, as 
speculated in |10| . it should be possible to fix all Mellin amplitudes if we understand their 



asymptotic behaviour. The main result (53) of this paper, can be thought as a first step in 
this direction. Indeed, we were able to determine the Regge limit of the four-point function 
solely in terms of dimensions and OPE coefficients of single-trace operators. We believe 
there is a refined OPE formalism for planar (conformal) gauge theories, that distinguishes 
single-trace from multi-trace operators, waiting to be discovered. 

In this paper, we discussed an analogy between standard Regge theory for scattering 
amplitudes and conformal Regge theory. However, in some theories, one can interpolate 
from one to the other. Consider a conformal gauge theory deformed by a relevant operator 
that leads to confinement in the infrared. As an example, one can think of weakly coupled 
SYM with a large mass M for the matter fields, such that there is a large hierarchy between 
M and the lightest glueball mass M g . Glueball scattering in this theory will be described 



26 



by standard Regge theory for M 2 ,T C 5 < M 2 , and by conformal Regge theory in the 
extreme high energy regime S 3> T ^> M 2 3> M 2 . It would be interesting to understand 
this transition in detail. The basic mechanism is that the continuous variable v of conformal 
Regge theory, becomes a discrete variable labelling several Regge trajectories in the confining 
theory. In other words, one conformal Regge trajectory breaks up into many standard Regge 
trajectories pi 150116]. 
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A Mellin amplitudes in more detail 

In this appendix, we collect several results that complement the description of Mellin ampli- 
tudes of section El 



A.l Mellin Poles 

As stated in the main text, the structure of the conformal OPE implies a very simple analytic 
structure for the Mellin amplitude if the CFT has a discrete spectrum of operator dimensions 
|9j. Here we shall explain how this works in more detail. Some of the results of this section 
were already discussed in (21 EH GSH E3], however we shall take the risk of repetition with the 
hope of making more transparent key features that are needed in Regge theory. 



The OPE implies the conformal block expansion (27) of the reduced correlator, which we 
rewrite here for convenience 

A(u,v) = ^ Ci2fcC 34fe G Akt j k (u, v) . (116) 
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As explained in |39j, the conformal blocks have a series expansion of the form 



A-J 
U 2 



m=0 



;ii7) 



where the first term reads 



9o{v) 



A + J- A 12 A + J + A 34 

n ) o , A + J, 1 



:ii8i 



In order to reproduce the power law behavior of A at small cross ratio u predicted by 
the OPE, the Mellin amplitude must have poles in the variable t. More precisely, 



M(s,t) 



C\2kCzAk Qj,m{s) 



m 



0,1,2, 



(119) 



t - A + J - 2m 

where, as before, A and J are the dimension and spin of an operator Ok that appears in 
both OPEs 0\ x O2 and O3 x 4 . The integer m that labels the poles in (119) corresponds 
precisely to the label m in (117). This shows that the m > poles correspond to conformal 
descendant operators with twist greater than A — J. The residues of the poles are the 
kinematical polynomials Qj, m (s) given in (31). To determine these polynomials we require 
that the contribution of the series of poles (119) reproduces the conformal block Ga,j{u,v). 
Picking the poles (119) in the integral (23) one obtains a series of the form (117) with 



9m{v) 



2r(A + J) (A - 1) 



4 J m\(A-h + l) m T( 



A+J+Ai 



)r( 



ds 



-0+r)/2 



Q.j,m(s) r 



A34 - S 



A+J-Ai 
2 

-A 12 - s 



) p( A+J+A 34 ^ p^ A+J-A 34 ^ 



(120) 



r 



T + S 



r 



t + s + A 12 - A 



^3d 



where r = A — J + 2m. This explains the position of the poles ( 119 ) of the Mellin amplitude. 

Let us consider first the m = case. Expanding (120) in powers of (1 —v) and using the 
explicit expression of go(v) in (118), we obtain the following set of equations 

( _ 2) J r ( A-J-A 12 + n j r ( A-J+A 34 + ^ r ( A+J+A 12 ) r( A+J - A34 ) 



TV. 



r(A + n)(A-l)j(n- J)! 



:i2i: 



47TZ 



Qj,o(s)r 



A 



34 



-A 



12 



n r 



r + s + A 



12 



A 



81 



For n < J the LHS vanishes and this equation can be written as follows 



r 



— ICO 

A 



ds 
34 — s 



Qj,o( s 

r 



T + S 

2 

A12- 



:i22i 



r 



T + S 



r 



r + s + A10 - A 



^34 



28 



Taking linear combinations of this equation with n < J, we conclude that it defines an inner 
product under which Qj t o(s) is orthogonal to all polynomials of s with degree less than J. 
In other words, the polynomials Qjfi(s) must satisfy 

r°° ds 

6j,j,<x Q Jfi ( s )Qj, fi (s) (123) 

J -too 

34 - -A p/-A 12 - s\ ^fr + s\ ^fr + s + A 12 - A u 



This fixes the polynomials Qj,o( s ) uniquely, up to normalization. The normalization can be 
fixed by imposing (121) for any n> J. 

The orthogonality of the polynomials Qjfi{s) suggests that they are the solutions of a 
Sturm-Liouville problem. Indeed, the difference operator V s , defined by 

V s Q(s) = {s + T + A 12 -A u )[{s + T)Q{s + 2)-2sQ{s)j + (s + A 12 )(s- A 34 )Q(s-2) , (124) 

is self-adjoint with respect to the inner product above. Therefore, eigenf unctions of T> s with 
different eigenvalues are automatically orthogonal. By construction, the action of T> s on a 
polynomial of s of degree J produces another polynomial of s of degree J. Thus, we can 
look for polynomial eigenfunctions of V s , 

V s Qj fi (s) = \jQ Jfi (s). (125) 

The eigenvalue Aj is fixed by comparing the coefficient of the highest degree term s J , with 
the result 

\j = AJ 2 + AJ(t - 1) + (r + A 12 )(r - A 34 ) • (126) 
Finally, the solution can be written in terms of hypergeometric functions F^] 

Consider now the case m > 0. The best way to determine the functions g m (v) is to use 
the differential equation that the conformal block satisfies, 



V G AJ (u, v) = X - C A ,j G AtJ (u, v) , (128) 



where 



J d d A 12 \ ( d d A 34 

17 Interestingly, these polynomials already appeared in the QCD Pomeron literature [5T|. We thank Gregory 
Korchemsky for informing us that these polynomials are known in the mathematical literature as continuous 
Halm polynomials (see http://aw.twi.tudelft.nl/~koekoek/askey/chl/par4/par4.html). 
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and Ca,j = A(A — d) + J( J + d — 2) is the conformal quadratic Casimir. This equation 
was derived in [52] and it has a simple meaning: the conformal block is an eigenfunction of 
the conformal Casimir operator ( J^ B + J^ B ) 2 that acts on points 1 and 2. When applied to 



the power series (117) this partial differential equation turns into the following (differential) 
recursion relation for the functions g m (v), 

Av(v - l) 2 C{v) - 2(v - l)g' m (v) (2v(-A + J - 2m - 1) + A 12 (v - 1) - A u (v - 1) + 2) 
+ g m (v) Um(-2h + mv + m) + J 2 (v - 1) - 2 J (A + 2m(v + 1) + Av - 2) 

+ (v-l) (A 12 (- A - A 34 + J - 2m) + A 34 (A - J + 2m)) + 4Am(w + 1) + A 2 (v - 1)) 

= 4t;(t; + ly^iv) + 2g' m _ 1 (v) (2v(A - J + 2m - 1) - A 12 (v + 1) + A 34 (^ + 1) + 2) 

+ g m -i{v) (-A + Ai 2 + J - 2m + 2) (-A - A 34 + J - 2m + 2) . (130) 

This is an ugly equation which the reader should not read in detail. Nevertheless, it is not 
hard to check that go(v) given by (118) solves the m = equation. Most importantly, if we 
replace g m (v) given by (120) in equation (130), we obtain a set of recursion relations for the 
polynomials Qj )Tn (s), 

(V s - Xj) Qj, m (s) = Am(h - A - m) (2Q J>m {s) - Qj, m -i(s + 2) - Q, lm -i(s)) , (131) 
where T> s and Aj are respectively given by (124) and (126) with r = A — J + 2m. This 



equation, plus the boundary condition Qj : o(s) — s + 0(s ) which follows from (127), 
determine the polynomials Qj m (s) for all m > 0. In particular, it is clear that the leading 



behaviour is given by (33) for all m. This follows from the fact that the LHS of (131) is 
automatically a polynomial of degree (J — 1), if we assume that Qj jTn (s) is a polynomial of 
degree J. Imposing the same condition to the RHS implies that Qj >m (s) and Qj m -i(s) have 
the same leading behaviour. 



A. 2 Flat space limit 

In AdS/CFT, the radius R of AdS in units of the string length l s is a free parameter related 
to the 't Hooft coupling of the gauge theory. Therefore, it should be possible to recover 
bulk flat space physics by taking the limit R/l s — > oo and keeping energies fixed in string 
units. Given the similarity between Mellin amplitudes and scattering amplitudes it is not 
surprising that there is a simple formula that relates them. Such a formula was proposed in 
|10j and rederived in [13] using localized wavepackets. It reads 



4r lim R 2h - 3 



da 
2tH 



a h * 



5 ij 



IP 
2a 



Pi ■ Pj 



where the integration contour runs to the right of all poles of the integrand and 

A 

1 



18 



M 



l 



n 



\ v /r(A,)r(A l - h + 1) 



(132) 



(133) 



18 This normalization differs from 1 10] because here we are using operators normalized to have unit two- 
point function ( 25 I . 
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In formula (132), M is the Mellin amplitude of a CFT four-point function of single-trace 



operators 0\ and T is the scattering amplitude of the dual bulk fields 0;. 

A relevant example for the present paper is the tree-level exchange of a spin J and mass 
m particle. In flat space, this gives rise to 



T = g 2 T J -'f 



S m 2 
T' ~T 



(134) 



where S and T are the Mandelstam invariants, g is a dimensionful coupling constant and / is 



a dimensionless function. Then, formula ( 132 ) tells us that the Mellin amplitude associated to 



the tree-level exchange of a spin J and dimension A field in AdS has the following asymptotic 
behaviour 

M(s, t) = g*R^-2J t J-ij( S -,^-)+ 0(t J ~ 2 ) , (135) 



with 



19 



)1—J rioo 



Af 



da 
2tH 



a h~i EAi-J+l a 



e a f(x,2ya). 



(136) 



A. 2.1 Flat space limit of conformal partial wave expansion 



Next we study the flat space limit (132) of the conformal partial wave expansion (34) 

R 2 S R 2 T 

Jim H"'~" I dubjlu") I — a »-3^"» e "M v j\ ' 

B.^oo I / ... 27T7, ' V 

J=0 



1 °° /*OG /» 



(137) 



In order to compute the large R limit of the integral it would be useful to know what is 
the integration region in v and a that dominates the integral for large R. We shall start by 
assuming that the integral is dominated by v 2 ^> 1 and later check that this is indeed the 
case. Using the Stirling expansion of the T-function we find 



w„,j(t) 



1 



2t 



exp < v arctan 



(t 



t 



loe 



v 

T 2 



(138) 



R 2 T 
2a 



where we are assuming —t = 

\t\ ~ \s\ ^> \v\ ^> 1 of the Mack polynomials, and obtain 

j 



^> |v| ^> 1. In appendix b] we consider the limit 



(139) 



If the particle is massless in flat space (to = 0) then the relation between / and / is very simple 

2 i-J 



7Vr(|x)Ai-fc + j-i; 



/(x,0). 
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where Pj(z) are the partial waves in (2h + 1) -dimensional flat spacetime and z = 1 + 



•2s 
t • 



Using these two approximations (137) becomes 

R 2 T\ J f 00 1 / — v 2 \ ^ ^ Ai+J ~ h 



TM - jf E i.™ (^) jT 

L. 2ni 6XP a + " arcta "(/PT ) ~ 1^ '° g 1 + (fff J ' (140) 



where now 2! = cos = 1 + ^ encodes the flat space scattering angle. Let us discuss the 



integral (140). If we expand the exponent at large R, we obtain 



/ CO 



da { ( v 2 \ 2a 3 v A , > , 
- e * p iall + —\-— + 0(^)1 (14i; 



Keeping only the first term in this exponential, the integral over a gives rise to a delta- 
function 5(l + -gij^j ■ This justifies the initial assumption of large v 2 . However, one must be 
careful because the delta-function follows from taking the integrand to be a plane wave in 
a, for all values of a. This is clearly wrong since for a ~ R 2 T/v A ^ the second term in the 
exponent becomes of order 1. In fact, we can perform the integral over a keeping only the 
first two terms in the exponent, obtaining 

R 2 T fu 2 + R 2 T\ . . 

M , n .M* > ( 142 ) 



(2i/ 4 )V3 ^ (2z/ 4 )V3 

where Ai is the Airy function. This expression means that the integral over v is dominated 
by the region v 2 ~ -R 2 T ± z/ 4 / 3 ~ -R 2 T ± (-R 2 T) 2 / 3 . At large R, both the mean value 
of v 2 and the width of the region are large, but the mean is much larger than the width. 



Including higher order corrections in (141), leads to corrections to the function of v (142) 
in smaller scales than (— R 2 T) 2 ^ 3 but still much larger than 1. Therefore, we conclude that 
the flat space limit of the conformal partial wave expansion gives the standard partial wave 
expansion, 

00 

T=Y,Pj{z)aj(T), (143) 
j=o 

with the flat space partial amplitudes given by the limit 

^=h^ R2h ~ 3 {^P) {hi)T ' (144) 



where 



is an averaging of the conformal partial amplitudes bj(u 2 ) around v 2 = —R 2 T with a function 
Sl(x) which is a regulated delta-function with characteristic width L = (— i? 2 T) 2 / 3 . 
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(a) (b) 

Figure 5: Witten diagrams of (a) exchange of a dimension A and spin J field in AdS and 
(b) contact interaction. 

The flat space limit of conformal blocks in Mellin space was first studied in [13]. The main 



novelty of our result is the averaging (145). As we saw in the specific example studied in 



section 5.2.1 the practical effect of this averaging is simply to smooth out rapid oscillations 



of bj(u 2 ), which should not be present in the flat space partial waves aj(T). 
A. 3 Example: Witten diagrams 

Consider the Witten diagram in figure [5^ associated with the exchange of a dimension A 
and spin J field in AdS. The OPE expansion of the corresponding four-point function in the 
(12) (34) channel contains double-trace operators and the single-trace operator dual to the 
exchanged field in AdS [53, [5H [55]. The OPE expansion in the other channels only contains 
double-trace operators. This means that the only poles of the associated Mellin amplitude 



are given by equation (30). In addition, we know from the flat space limit analysis of the 
previous section that this Mellin amplitude is polynomially bounded at large values of s and 
t. Thus, we conclude that it can be written as a sum of poles plus an analytic piece, which 
is a polynomial TZj-i of degree J — 1 in both variables s and t, 

M(s,t) = C l2k C Uk V - f + Uj^(s,t) . (146) 

/ — ' t — A + J — 2m 

m=0 

Let us see if this results agrees with the expectations from the bulk point of view. To 
compute the Witten diagram in figure [5^i we need to know what is the precise form of the 
cubic vertices. However, there is a unique cubic vertex between 2 scalar fields and a spin 
J field if we are allowed to use the equations of motion. This is directly related to the fact 
that there is a unique conformal three-point function between 2 scalar operators and a spin 
J operator (see [56J for a more complete discussion of this correspondence). On the other 
hand, the internal line of the diagram [5^i is not on-shell and, therefore, the equations of 
motion will not give zero, but will transform the internal propagator into a delta-function. 
This means that different cubic vertices will produce correlation functions that differ by 
contact diagrams like the one in figure [5b. In fact, it is not hard to convince ourselves that 
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this contact diagrams can have at most 2 J — 2 derivatives. As explained in |10| . this implies 
that the associated Mellin amplitude is a polynomial of degree J — 1. Thus, the result (146) 



is exactly what one expects from the bulk point of view. The Mellin amplitude contains 
a polynomial TZj-i that encodes the precise choice of cubic couplings, and a sum of poles 
completely fixed by the OPE coefficients of the exchanged operator Ok in the OPEs of O1O2 
and O3O4. Similar arguments were recently given in [16J. 



A. 3.1 Regge limit 

Something nice happens in the Regge limit of large s and fixed t. Firstly, the non-universal 



part 1Zj-i of the Mellin amplitude (146) drops out. Secondly, the polynomials Qj, m (s) 



introduced in (31), can be replaced by their asymptotic behavior (33). This gives 

CnkCuk f{t) s J , 



M(s,t) 



with 



/(*) = " 



2r(A + J) (A - 1) 



4 J r( A+J + Ai2 ) r( A+J - Ai2 ) r( 



E 



A+J+A 34 ^ A+J-A34 
1 



) 



(147) 



(148) 



' Q m!(A - h+ l) m r( Al+A2 - 2 A+J - 2m ) r( A * +A 4- 2 A+J - 2m ) (t- A + J -2m) 
Fortunately, this sum has a nice integral representation [10] 



f(t) = K AiJ / dv 



(A - h) 2 + v 2 



(149) 



where oj Vy j(t) is given in (36) and the normalization constant j is given in (41). 



In the Regge limit, it is striking how similar is the behavior of the Mellin amplitude 



(147) for an exchange of a spin J field in AdS, and the corresponding flat space scattering 
amplitude. Both grow as s J (or S J ) times a function of t (or T). In the integral representation 
(149) the infinite sequence of poles in t is generated by a single pole in v 2 . Indeed, this pole 



is the best analogue to the unique pole in T of the flat space scattering amplitude. 



A. 4 Double trace operators 

Let us briefly remark how double trace operators, that also appear in the conformal block 



decomposition (27), are generated in the conformal partial wave expansion (34). The double 
traces are generated by poles of k v j at 



iv = Ai + A 2 + J + 2m - h , 
iv = A 3 + A 4 + J + 2m - h , 



m 



0,1,2,... , 



m = 0,1,2, 



(150) 
(151) 
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The product of the OPE coefficients of a double-trace operator Ok ~ Oid^ . . . d llJ d 2m 02, of 
dimension A& = Ai + A2 + J + 2m and spin J, in the OPE O1O2 and O3O4, is given by 



Cl2fcC34fe 



J-A 34 +A s 



r 



J+A 34 +A A 



m!r(J + A fc J (ft- A fc + 1 
r( J + m + A x ) rfj + m + A 2 ) 6j( - (A* - h 



A, -1 

2 



(152) 



To illustrate the use of this formula consider the correlator associated to the Witten 
diagram of figure [5^, describing the exchange of a spin J and dimension A field in AdS . In 
the previous section, we concluded that the corresponding Mellin amplitude was a polynomial 



of degree J in the variable s. This implies that the conformal partial wave expansion (34) 



obeys bjr(y ) = for J' > J. Thus, the Regge limit of (34) is simply given by 



M(s,t) 



dv bj{v 2 ) LO v>J {t) 



(153) 



Comparing with the results (147) and (149) for the Regge limit of the Witten diagram of 
figure [5^i, we conclude that 



bj(v 2 ) = C 12fc C : 



K a ,j 

^ ^ u 2 + {A _ h) 2 



(154) 



where CyikPz^k is the product of the OPE coefficients of the operator dual to the field 
exchanged in AdS. Notice that in this case, the partial amplitude bj(v 2 ) is exactly given by 



the sum of the two simple poles predicted in (43). The partial amplitudes bjr(y ) for J' < J 



are more complicated and are not determined by the Regge limit. It is then trivial to use 



bj{y ) given by (154) in (152), to immediatelly obtain the OPE coefficients of the double 



trace operators of maximal spin J = J produced by the Witten diagram of figure 



A. 5 Analytic structure of partial amplitudes 

The pole structure of the partial amplitudes bj(y) is directly related to the spectrum of 
single-trace operators that appear in both OPEs 0\0<i and O3O4. The mechanism is the 



following: the poles (30) of the Mellin amplitude arise from the integral over u in (34) when 



the integration contour is pinched between two poles of the integrand as depicted in figure 
6| The partial wave M u> j(s,t) introduced in (35) has the following poles in the variable u, 



±iu = Ai + A 2 + J - h + 2m , 
±iu = A 3 + A 4 + J - h + 2m , 
±iv = h — J — t + 2m , 



±iu = h - 1 + J 



q 



m = 0,l,2,... , 



m = 0,1,2,... , 
m = 0,l,2,... , 
q=l,2,...,J, 



(155) 
(156) 
(157) 
(158) 
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Figure 6: Integration contour in the iv complex plane used in the conformal partial wave 



expansion (34). The blue dots represent poles of the integrand given by (155 158) and (159) 



In order to make the figure readable, we have complexified several parameters to separate 



the poles better. The poles ( 157) that depend on t are marked with a small dot enclosed by a 



circle. As t varies these poles move and can collide with other poles pinching the integration 



contour, as shown on the right panel. This is the mechanism that generates the poles (30) 
of the Mellin amplitude. 



where the first three sets of poles come from the function u) v j{t) defined in (36), and the last 
line are poles of the polynomial P V) j(s,t) defined in appendi x |B| In order to obtain poles in 
the variable t from the integral over v in (34), a pole from (157) must collide with another 



v pole. In fact, in order to reproduce the poles (30) with the correct residue one needs the 



partial amplitudes bj(u 2 ) to have the following pair of v poles 



12fc^34fc 



(A - h) 2 ' 



(159) 



where the normalization constant if a, J is given in (41 ). When t approaches A — J + 2m with 
m — 0,1,2, ... , two poles from (157) collide with the two poles (159), pinching the //-contour 



in (34) and producing a divergent integral (see figure raj). To check that the resulting poles 



in t of the Mellin amplitude have the correct residues it is sufficient to keep the contribution 



from the poles (159) to the integral (34) using the Cauchy theorem 



M{s, A - J + 2m + St) w C 12k C 3Ak K Ay 



2tt 

A^ M *(a-^< 



s, A - J + 2m + St) 



Q. J,m(s) 

St 



(160) 



in perfect agreement with (30). To obtain this result it was crucial to use the property (176) 



of the Mack polynomials. We conclude that for every single-trace operator that appears in 
both OPEs O1O2 and O3O4, the partial amplitudes bj{v 2 ) will have a pair of poles of the 
form (159). 
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Unfortunately, the story is slightly more complicated and cumbersome because bj(v 2 ) 
has other (spurious) poles that do not correspond to any operators appearing in the OPEs. 



To explain this let us systematically analyze all possible contour pinchings in (34) that can 



give rise to poles in t. Suppose a pole from (157) collides with a pole from (155). This would 
give rise to a pole at t = A% + A2 + 2m for m — 0, 1, 2, . . . . However, this pole is cancelled 
by a zero of 0J u ,j{t) produced by the last T-functions in the denominator of (36). A similar 



statement applies to collision with the poles (156). Another possibility is the collision of 2 



poles of the form (157) themselves. This happens when J + t — h is a non- negative integer, 
which means that the colliding poles are located at integer values of iv. Thus, this collision 
also does not generate poles in t because the function uj Vt j(t) has zeros at integer values of 
iv. The final possibility is for the poles (157) to collide with the poles (158) of the Mack 



polynomials. Let us focus on the contribution of one the poles (158) for a fixed value of J 



and q. This gives rise to a series of poles in t of the form (30) with dimension A', spin J' 



and OPE coefficients C' 12k C' uk given by 



A' 
J' 



°12fc ( - / 34fc 



2/1-1 + J, 

J-q, 

Zj,q 



bj(-(h-l + J-q) 2 ) 



(161) 
(162) 

(163) 



where j is given in (41 ) and 



Z 



J\ 2( — 2) q ( A i+ A 2+ 1 - 2fe -q ) ( A 3 +A 4 +l-2fr-^ ^ Ai2+l-g ^ ^ A 34 +l-9 ^ 



J,q 



(J-q)\q\ 



r(q)(h + J-q) q -i 



(164) 



In order to derive this result we used the property (179) of the Mack polynomials given in 



appendix [Bj This result looks strange because it says that the OPE will generically contain 
primary operators of dimension A' (which is an integer or half-integer). This can not be the 
case. In fact, what happens is that the partial amplitudes bji{y 2 \ with J' = J — q have 
other poles that cancel this effect. This requirement fixes the new residues to be 



Zj, q bj{-(h-l + J-q) 2 ) 
v 2 + (h - 1 + J) 2 



1,2,3, 



(165) 



These poles were termed spurious poles in [7]. We believe that the relation (165) is the 
translation to our language of the identity (2.59b) of [19J, which discusses a similar conformal 
partial wave expansion (although in position space). 
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B Mack polynomials 



With our normalizations, the polynomials introduced in [H] can be written as 

[J/2] 2 J+2r ( h+iu-J-t \ t h-i V -J-t \ (j_ 2r )\ 



r=0 



(h + iv — 1) j (h — iv — 1) j 



(166) 



ft, 



n=l 



In this expression the labels (ij) run over the 4 possibilities (13), (14), (23) and (24). The 

t + s + A12 - A 34 



variables 5ij are as before 



_ A 34 - s 

0l 3 — ~ , 024 



2 2 
The variables a n are given by 

h + iv — J + A 12 



A 12 + s t + s 

« 023 = — « 0! 



> "14 



«! = 1 — 



«3 = 1 ~ 



h — iv - J + A 



31 



« 2 = 1 - 



«4 = 1 



h + iv — J — A 



12 



h — iv — J — A 34 



(167) 



;i68) 



2 ' 2 

The coefficients aj jr define the flat (2/i + l)-dimensional spacetime partial waves 



PAz) 



[J/2] 



J-2r 



a J,r 



r=0 



J\(h + J — 1)_, 
2 2j r!(J-2r)! 



(169) 



It is clear from the definition (166) that P Uj j(s,t) is indeed a polynomial of degree J in both 
variables £ and s. Let us check that the leading term is s J , as stated in the main text. This 
must come from the r = term in the sum (166), 

s J J\ 



: £ II II 



(h + iv-l) r (h-iv-l) 7 ^ llfc.-! il^J-£i*i« ' 



(170) 



where we have kept only the leading term in s in the Pochhammer symbols To 
perform the last sum we change to the variables q\ = J — k 13 — k u and q 3 = J — /c 13 — fc 23 . 
Then the sum over ky in (170) can be written as 



J J J-qi 

91=0 93=0 fci 3 =0 
J 



(a 2 )j_ ft (a 3 ) ?3 ('>.;)., 



feia' (J -Qi- ki3) ] - (J - 93 - feis)! (<?i + <?3 - •/ + fc 



(171) 



13 J 



^ ! E 



"1 J m "2 



9! V"2;j_ yi 



E 



M a% («4 



93 V"4;j_ 93 



(ai + a 2 )j (a 3 + a 4 )^ 
J! 
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Using the definitions (168) it follows that P u j(s,t) s J . 

There are several symmetry properties that follow from the formula (166) by relabelling 
the summation variables, 

k 13 ^k 24 P- uJ (s,t, A 12 ,A M ) = P^j(s,t,-A u ,-A 12 ) (172) 

k 14 ^k 23 => P^j(s,t,A 12 ,A M ) = P UiJ (s + A 12 - A u ,t,A 34 ,A 12 ) (173) 

and 

f 13 ^f 14 => Pv,j{s,t,A 12 ,-A u )=(-l) J P Vi j(-s-t-A 12 ,t,A 12 ,A 34 ) (174) 

f 13 ^f 23 P»,j(s, t, -Ai 2 , A 34 ) = (-l) J P,,j(-s-t + A 3 4,t,A 12 ,A 3 4) (175) 

fcl4 /C24 

In fact, there is a more basic invariance, P_ Vt j(s,t) = P Vj j(s,t), which is not obvious from 
the definition (166). These symmetries were first discussed in |20| . 

Another important property is that the Mack polynomials, at specific values of t, reduce 



to the polynomials Qj, m {s) that control the OPE as explained in section 3.1 



Pi 



i(A-h),J 



s,A- J + 2m) = Q J>m (s) 



;i76) 



Consider now the limit t ~ s ^> 1 and v ^> 1. In equation (166), it is sufficient to 
replace the Pochhammer symbols (x) n of a large quantity x by the leading term x n . This 
gives 



[J/2] 



p*A** *) ~ E a ^ 4r_J (* 2 + "T ( J - 2r ) ! E 



(t + s 



.fcl4+fc 2 3 



r=0 
[J/2] 



fc 13 ! ^24! fci 4 ! fc: 



2:t: 



J-2r 



r=0 



t 2 + ^ 2 



[J/2] 

E aj - r 

r=0 



? =0 

t + 2s 



g!(J-2r-g)! 

J-2r 



;i77) 



If we further assume \t\ 3> |z/|, we obtain 



t 2 + i/ 2 



P./ 



t + 2s 



(178) 



where 2; = 1 + 2s /t. This limit was first studied in |13| . 

The definition (166) also makes it clear that P u ^j(s,t) is polynomial in the parameters 
A 12 and A 34 . On the other hand, we see that P u j(s,t) has poles at v — ±i(h + J — q — 1) 
for q = 1, 2, . . . , J. We checked that the residues of these poles are described by the formula, 



iV(M) 



2<JJ| / Ai2-g+lA / A 34 -g+n / 2fe-t-9+l \ 
V 2 / qr V 2 / q \ 2 / g 



(h + J - q - 1 ± ii/) g! (J - <?)! T(g) (/i — 1 + J - g) g 
for all J < 8. We believe that this is an identity, but were unable to prove it. 



P i{h+ j-i),j- q {s,t) , (179) 
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Figure 7: Conformal compactification of the light cone plane. In the Regge limit the positions 
of the operators Xj go to null infinity. 



C Regge limit in position space 

This appendix has two goals. The first one is to show that our definition of the Regge limit of 
the Mellin amplitude (large s and fixed t) corresponds to the Regge limit defined in position 
space in [TJ, [HJ. This limit can be defined by x^ — > Xxf , x\ — > Ax<^, x% — > AxJ, xj — > Ax J and 
A — > oo, keeping the causal relations xf^x^ < and all the other > 0. This is depicted 
in figure [7} lj We remark that by Fourier transforming to momentum space the position 
of the operators Xj, and defining the corresponding Mandelstam invariants, the Regge limit 
is just the usual Regge limit of large s and fixed t. The second goal of this appendix is to 
derive an expression for the position space correlator in the Regge limit corresponding to 



our main equation ( 53 ) 



Let us then start by the definition of the Mellin representation for the time ordered 
Lorentzian correlation function [9j 

A{ Xi )= Ad5]M(^)J];r(%)(xJ + ie)"^. (180) 
J i<j 

Given the chosen causal relations for the Regge limit, we should rotate 

v -(s+t)/2 _^ v -(s+t)/2 e -i7r(s+t) / lgl \ 



in the integral (23). With this phase, the convergence of the integral is not obvious when 



s = ix, x — > +oo. To study this question, we approximate the second line of (23) using 



r(a + i^)r(b-i^) ^2ixe i ^ a ~ b) (^Y +b Vf*, x->+oo. (182) 



2/ V 27 V2 



20 Notice that in this paper we are labelling points differently from |8| . The translation is simply the 
permutation x 2 <-> £3. The reason for a different notation is to follow the dominant convention in the OPE 
literature O x 2 ~ ©a, j- 
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This gives 

(183) 

where we have restricted to the case A 12 = A 34 = 0. Following E], we introduce the 
variables a and p via 

w = a 2 , u = (1 -ae p )(l - ae~ p ) « 1 -2(xcoshp, (184) 

such that the Regge limit corresponds to a — > with fixed p. In this limit, 

A « £ f -T( 2 V) r(^) e-i fW,*) (185) 

which shows that the small a behavior of A is controlled by the large s behavior of the Mellin 
amplitude. We can now use our main result (53) to write 



M(ix,t) « / dv^{y)—^—- v w„ jW (t), (186) 



sm 



2 



where we have chosen the appropriate phase for s = ix, x — > +oo. After performing the 
integral over x, we find 

/inj{u)/2 
dv p(v) -, r ^My'M (187) 

ioo 



dt r f2A 1 -t\ r f2A 3 -t\ T(j(v) + t-i) 



2ni \ 2 / 



V 2 J (2coshp)^)+*- lU; ^ H(t) - 



Finally, using the following integral representation for the harmonic functions Qi U (p) on 
(2h — l)-dimensional hyperbolic space 

Mp) = / ^ « Jc \V( \ (2coshp)- 2 (188) 

J 2m 87r ft l {iv)l {—iv) 

v sinh(7rz/)r(/i — 1 + iv)T(h — 1 — zi/) zFiih — 1 -\- iv,h — 1 — iv,h — \, — sinh 2 (|)) 

2 2h - l iT h+ ^T(h - §) 



we recover the general Regge behavior in position space written in (56), with residue given 



by (57). 



D Harmonic Sums 

The Harmonic sums are usefull functions to express the principle of transcendentality. They 
appear for example in the BFKL spin, anomalous dimensions and also in the three point 
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functions jl5]. Usually defined as a sum, they can be anallytically continued quite easily 
|57j . The simplest Harmonic sums are defined as, 

q ( \ f U n-1 fr (W '% + 1) - ^("-^(l) integer x A 1 

S n (x) = (-1) — = (189) 

v ' i=i 

, <jg^>(§ + f) - + f) - ^^Q) + ^^^(l) evgxf {-IT 

v ' m=l 

S- a , b (x) = C(-o, 6) + C(-(a + 6)) - X) TTT"^ ^ + x ) ' 

i=i V + X J 

where £(— a) = (t^tt — l) C( a ) an d C( — a > are the Euler Zagier sums (or multivariate Zeta 
functions). The Euler Zagier £(—2,1) = £(3)/8. Notice that the analytically continued 



functions S aij ,,, jan (x) with one or more negative indices Oj, only match the definition (63) in 
terms of nested sums, for x an even integer. 

The expansion of the Harmonic sums around the point x = — 1 is 



S n (-1 + u) 



fc=i v ' 



C(-n-A;)w fc , (190) 



The Harmonic sum can be related to the sine function through the equality, 

SAx) +S-i(-l -x) + — ?— = -2 In 2. (191) 

In \17\ there is a function $(x) defined by 

^ = X 77-^2 W* + * + 1) - *(!)] , (192) 



that appears in the BFKL spin. This function can be related to ( 68 ) by 



$(-x) + $(1 + x) = 2$(-x) + 2$(1 + x) + -. — r . (193) 

2 sm(7nr) 

The function $ can be written in terms of S-2,1 through, 

5(z) = 5 , _ 2 ,i(z-l) + -C(3). (194) 
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E Leading twist two operators in SYM 



Conformal symmetry imposes constrains on the form of two and three point functions be- 
tween scalar and symmetric traceless operators [56] . In particular, the ratio of correlators 



like the one in (76) contains information about the OPE coefficients. More precisely, the 



structure of this ratio is fixed by conformal symmetry to be 

{O x {x x )(D{{x 2 )Oj{x h )) (Oj(x 6 )0 3 (x 3 )0* 3 (x 4 )) 



{0 1 {x l )Ot{x 2 )) (Oj(x 5 )Oj(x 6 )} (0 3 (x 3 )0* 3 (x 4 )) 



(195) 



^13^56^24 \ A ^ (O • X 15) X35 ~ ( W ■ X 35) X? 5 ) "'(K ' ^2 6 ) ^46 ~ K ' ^46 ) X IqY 



C\\jC 33 j I — 2 2 2 2~ i ,, , ., , 

X 15 X 35 X 26 X 46/ x 13 x 24 \( W ' w ') x 56 — 2(w • ^56) (w' " ^56)) 

where and w and w' are mz// polarization vectors that allow us to write the 

symmetric traceless operator Oj as the polynomial Oj = u^ 1 . . . w fJ,J O tJ-1 „, llJ (see for example 
[56] for details). 

In this appendix we compute the OPE coefficients C\\j to leading order in perturbation 
theory. The first step in the computation is to obtain the exact linear combination of 



operators that makes up the leading twist operator, as already mentioned in (59). This is 
achieved by diagonalizing the 1-loop dilatation operator and finding its eigenstates. The 
second step is to perform the perturbative (Wick contractions) computation of the three 
point functions. 

E.l Diagonalizing the 1-loop dilatation operator 

The twist two operators are degenerate at tree level, however at finite t'Hooft coupling the 
degeneracy is lifted, making explicit which operator is in the leading Regge trajectory. This 
is done using the dilatation operator which can be written, at first order, using harmonic 



oscillators. By restricting its action to the subspace generated by states of the form (59) we 
find the eigenfunctions and eigenvalues of the dilatation operator. 

In the following we review some definitions needed for the computation, following closely 
[58J and then apply it to our case. 

E.l.l Definitions 

The elementary fields in SYM are F^, ip a a, i)% and $ m , which can be written using harmonic 
oscillators as 

V k F = {a)f +2 (6t) fe ( c t)°|0), 
V k ^^{a)) k+l {tf) k (c*) X \0), 

V k 4> = (J) k (tf) k (J) 2 \0), (196) 
V^^(a^(b^ k+1 ( C t) 3 |0), 
V k F = (al) h (tf) k+2 (ct) 4 |0), 
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where ~ ^e^a^Fap + ^^s^^p, $m ~ °m4>ab, the oscillators a*, b\ have indices 
corresponding to the su (2) x su (2) Lorentz algebra and c\ has a su (4) R-charge index. By 
definition T^^T^h are symmetric and (p a b is antisymmetric in the indices. For example, 

As expected, bosonic oscillators commute and fermionic oscillators anticommute 

= {cVj} = C (197) 

The state |0) is defined as the one annihilated by all oscillators a a ,6 Q andc a . Though this 
state is not physical state, as it gives a nonzero central charge 

C = 1 - \ a\a a + \ &£ 6* - \ c{c a . (198) 

On the other hand, the elementary fields are obtained from the physical state ^34 = 44 |0) = 
I Z) that is the highest weight. This leads to the redefinition of the oscillators 

d\ = c 4 , 4 = c 3 , d 1 = 4 , d 2 = 4 , (199) 

which breaks the su(4) into su(2) x su(2). This redefinition makes the state |£) the natural 
vacuum, since it is annihilated by a a , b&, Ci, C2, c?i and aV 



a , a 



'0 ' 



6«6j 



E.1.2 Twist two operators 

Twist two operators are defined by their classical dimension A = 1 + (n a + ra&)/2 = 2 + J, 
where J is the spin. This implies that they are of the form 

Tr (W A W B ), 

where VVa G P fc J 7 , V k (p, V k tjj,V k ip^ , or using oscillators 

(a*)" (fet)" 6 ( C t) nc (d^ (at) J ~ na {tf) J - nb (jy~ nc {Sy~ nd \ZZ) . (200) 

This requires some explanation; the first four types of oscillators act on the first site and 
the others act on the second site; the number n a of oscillators of type at on the first site is 
arbitrary in principle but as we want spin J, the number of at on the second site has to 
be J — n a ; the same applies to oscillators of type on the second site, there is no loss of 
generality when considering the number of oscillators of type c' to be p — n c , but the number 
of S on the same site follows because of the central charge condition, which now reads 

c = I E - < aa + ^ a - c ^ a ) = • ( 201 ) 

sites 

21 Note that there is the restriction of n a < J. 
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Requiring the state to be a su(4) singlet, fixes p = 2. In the original operator basis, the 
su(4) part of the state is e abca l c { a (? h c { c (^ d 1 00) , which in the new basis becomes c\c\d 1 d 2 1 00) or 
c\c\d\d\ \ZZ). In the previous sentence, we did not specify in which site each operator acts 
because this is not relevant for the su(4) singlet constraint. Note that, other su(4) singlets, 
like TT or J 7 J 7 , are excluded because they do not have the required Lorentz structure. Thus, 
the states can be labelled as 

L^J> <L^J> ii-'-U;^ ... a ] b ] . . . b ] c\c\d\d\^ , (202) 

n a J—n a rib J—n b 

where n a is the number of the first set of l's, J — n a is the number of the first set of 2's and, 
similarly, for rit, and J — in the following set of l's and 2's. The ij can be 1 or 2 encoding 
the site where c 1 and $ act. 

In this representation the Hamiltonian can be written in the following way 

U |S1 . . . S n ] A) = 22 C n,n 12 ,n 2 i<5ci,0<5c 2 ,0 Wl ■ ■ ■ S W A ) > ( 203 ) 



where A is a list of n operators, like the one in (202) and s\ . . . s n is a list of l's and 2's 



that specifies in which site each operator acts. The variable n\2 counts the number of l's in 
S\ . . . s n that became 2's in s[ . . . s' n . In other words, rt\2 and 7121 is the number of oscillators 
hopping from site 1 to 2 and from 2 to 1, respectively. Finally, 



^n,ni2,ri2i 



(-1) 



l+n 12 ri2 



i r( ni2 + nai ) r(i + 



n— ni2— n 2 
2 







(204) 



r(i + |) 

It is clear that the subspace generated by states of the form ( |202 ) is closed under the action 
of the Hamiltonian. We have implemented a Mathematica program to find the eigenstates 
and eigenvalues for values of J = 2, ... , 8.^ The results allow us to confirm that, all the 
odd spin eigenstates are descendants, and that the eigenvalues for any J are 25i(J — 2), 
25*i (J) and 2S\(J + 2), where S\ is a harmonic sum. It also enabled us to confirm that the 
eigenvectors are a linear combination of the form 



j=v J - 2 i 



(205) 



where we use the shorthand notation [591 



J 2 



k=0 
J-l 



^v J -^)= ^(-1) 

fc=0 

1 — n \ / 



(206) 



J 

k + 2 



Tr( T> k FV J ~ k ~ 2 F 



22 This was implemented in Mathematica by creating all possible states. Higher values of J were limited 
by this approach, as the number of states grows exponentially. 



2:! 



On the right hand side of the equation we use (196) 
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with 



J! 



(J -*)!*!■ (207) 

This was expected as it is possible to construct twist two primary operators at zero order 
restricting only to scalar, gauge or fermionic fields [59J , and so, at first order, the eigenvectors 
must be a linear combination of these zero order eigenstates, 24 

tonian for general 
FV j - 2 f)\. We 



The data collected also allowed to infer the matrix form of the Hami 



J in the (non-normalized) basis {|1) , |2) , |3)} 
found 

/ 2Si(J) 



2 

' J+l 



_ 6 
J 

12 



2S\{J) - 



(J+l)(J+2) 
J 2 +J+2 



J(J+1) 
4(j 2 +J+2) 

(J-1)J(J+1) 



J(J+l)(J+2) 

4(J 2 +J+1) . 
(J-l)J(J+l)(J+2) / 



(20£ 



where 



(209) 



W|»') = Z>*li> • 

It is then simple to determine the eigenvectors of "H. From highest to lowest eigenvalue, the 
three eigenvectors obtained are 



\Vi) 

\V2) 

\v 3 ) 



ipv J - l i)) + 



0> + 



j 

2(J + 1) 
J 



6 (2 + J) 



J 



2(J + 2)(J + 1) 
J(J-l) 



(210) 
(211) 
(212) 



E.2 Three-point function 

In [59] two and three point between two scalars and the operator with highest eigenvalue 



(210) were computed. Their results can be easily adapted to the case of the leading twist 



operators, that corresponds to the state (212) with lowest eigenvalue. The only subtlety is 

F — )• %F and ip — > y/2iip. 



that one needs to adapt field normalizations as follows <p — > 
Thus, in the conventions of [59], the leading twist operator is written as 



4i(J+ 1) 
J 



FV J - 2 F 



(213) 



21 



In perturbation theory in quantum mechanics the eigenvectors lag in relation to the eigenvalues. 



46 



Its two and three point functions can then be obtained from [59J, 



(4tT 2 ) 2 \ P V J J V J{J~1) 

((w.w')xj 6 - 2(w.x 56 ) (w'.x B6 ))' 



(x 2 ) 2J+2 



N 2 



{O l {x 1 )0 1 {x,))= — —— 2} (214) 
8tt ( x f 3 ) 



where 



2 J+A N 2 r(J + jj (( W . Xl5 ) X 2 s _ ( W . 3 ;3 5 ) 3; 2 5 ) J 



(4vr 2 ) d (x 



12; V X 23J l X 13 



6 P (J) = T(2J + 1) , & r (J) = 16J J+i , S S {J)=4: Tj—^Tj—^ — • ( 21 5) 

Notice that the result for the two point function of Oj satisfies the constraint that the two 
point function of the stress energy momentum of the fermion is twice the value of the scalar 
and gauge part [55] . 

Thus, we finally conclude that C 2 (J) = CujC^j is given by 

G {J} ~ n 2 (4 j 2 - 1) r(2j + 1) ' {2lb} 

which satisfies the requirement C 2 (2) = 8/(45A 2 ) that must be satisfied independently of 
the t' Hooft coupling. 
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